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VI. On the Calculus of Symbols. 
By William Spottiswoode, M.A, F.B.S. 

Made up of two Memoirs, one received November 4, Bead November 21, 1861, the other received 

January 21, read January 30, 1862. 

In a paper published in the Philosophical Transactions for 1861, p. 79, Mr. W. H. L. 
Russell has constructed systems of multiplication and division for functions of non- 
commutative symbols, subject to the same laws of combination as those in Professor 
Boole's memoir " On a General Method in Analysis," Philosophical Transactions, 1844. 
In this calculus there are four systems of multiplication and division, viz. internal and 
external, both (1) when the functions are arranged in powers of g>, (2) when in powers 
of t, or, as they may be termed, the g>-arrangement, and the ^-arrangement. In the 
paper in question the author has confined himself, so far as division is concerned, to 
the case most useful in practice, in which the divisor is linear. And of this he has dis- 
cussed in full only the ^-arrangement. 

§ 1. Internal division of the ^-arrangement by a linear factor. 

Adopting the same notation as Mr. Russell, I propose here to investigate, in the first 
place, the condition that 4i(f) 5r +'4'o(g') ma T De an internal factor of 

fc.fey+fc.-itey- 1 ■+..?.(*), 

and to determine the quotient. This is partially discussed in pp. 73-75. 

Let § j^=$, 

then performing the actual divisions, for brevity writing ip for %J/(g), and <p for <p{§), 



*.-*$;■ 



Hence the condition that •4 / i(g , )^'-f"'4'o(f) m ay be an internal factor of pife)«*+<Po(?) 
will be 



Po(i)-Hs)^ (1.) 



o2 
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Again, 

Vl V] V! 









Hence the condition that 4i(f) ,r + "Wf) ma y be an internal factor of <p 2 (f )^+ < Pi(f) ,r +? , o(g) 
will be 

^)ISN(f-(JS)T=« < 2 -> 

Before proceeding further, we may remark that the remainder, after internally dividing 
< P3(g)' 7r3 -{-p!i(g)''r i -\- ( Pi(g)'z'-\- < Po(g) by 4'i(g)' T -\-'4'o(g)i can differ from that last above found 
only in respect of the remainder arising from the division of <p 3 (g )k 3 by the factor in 
question ; hence we have now only to divide the term p 3 (g )sr 3 by ■4'i(§) T -\"4'o(g)i an ^ add 
the remainder so found to (2.), in order to have the condition required for the third 

degree. Proceeding to the division, writing %= t 2 , and omitting for the present p a , which, 
since the division is internal, can be replaced as an external factor in the remainder, we 
have 

— %^~ 2%V— x 

(x 2 — 2%>+;a— xf 



Hence the condition that •^(f^+'W?) may be an internal factor of p 8 (g')* J, +Ps(?)* ,J 
+<Pi(§)*+<Po(g) w iU be 

^-<^{©'-(g)}-*{©'- 3 i©+(li)>M3.) 

the identity of which with Mr. Kussell's condition, given in p. 75 of his paper, I have 
verified. 
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For the fourth degree, 

*+%)*V-%^+(x 2 -3 % >-( % '-5;aW) 

— X^— 3%V 2 — 3%V— % w 
— X**— X v ~ 2%%V-%X," 

(% 2 - 3%V+(% 3 - 3 X% ')t+( % V- V) 

— (% 3 — 5%% , +3%")t-^ 2 % + 3% 2 +%%"— %" 
— (% 3 - 5%% + 3% >— % 4 + 5% 2 % - 3%%" 
% 4 -6%V-4%%"+3^ 2 - % w 



and 

% 4 -6zV-4%%"+3^- % w =- % (- % 3 +3^- % ")+(- % 3 +3^- % 7; 

or if E„ E 2 , . . be the remainders of 7t(t-\-x)~\ ^C^+x) -1 ' • •> we have 

E 2 = — %E,+E,, 

E 3 = — %^2 + K2, 

E 4 =— J/E3+E3. 
And generally, if 

then 

«* +, («'+JC) _, =«rQ.+«"B ta («'+x)" , » 
the remainder of which must be contained in the last term. Performing the actual 
division, and remembering that tE m =E„t+E^, 

t+ % )e^+e;(e„ 

E m t+E w % 

Hence we have generally, 

E re+ j = — xE M + K« 

and consequently, remembering that E =l, we have the condition that ^(fV+^ofe) 
may be an internal factor of <p m (f)w n +? ) »-i(|') ,r "~ 1 + • • PoCfX 

e„(f)E +p 1 (?)E 1 +..p M ( f )E n =0, (4.) 

where 

The law of the quotients is best seen by actual division. In case of p^+Pisr+Poj 
given above, the quotient may be written 
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1 



*1 



X 




(5.) 



For the case of a cubic function of tt, 



( ft _ ft !^i)^ + ( ft _ ft S^) r+ (ft- ft *) 

\ L 2 ^i ^? / . V ° ^i ^? / 

The quotient of which may be written 



£ X 



ft 



-£«*+*•) 



1_ 



•4*"+ 2-^0 2^,+'4/ () 




(6.) 



Similarly, if the division be performed in the case of the quartic function, we shall 
find for the quotient of (p^+Pa^+Pa^+ft^+ftX^i^+^o) -1 ? 



h 



X 



ft 


ft ft 


'ft 












1 




ff 3 





1 


-£(*ft-H*) 




<r 2 





1 -£(2#+*.) 


1 


3$ + yP 


2^+i£ 




w 


1 


-^(^i+^.) $ 




i 


3^1 + -^o 


*, ' 

2^+4o -^i 


1 








^"+ 3^o 


^i+^o ^l + ^o 





(7.) 
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And likewise in general the quotient of (p„T B +p B _i* B '+• • PoX^i^+^o) -1 w iH ^e 
represented by a square table giving for the coefficient of <p n 



{—j j,»-i x 



i-1 
1 



$ + 4o 



*. 



(j-l)(i-2) i-1 , «-!,, , , 



i-1 



^?- ,) +V^' 



^- 2) + L r^r a) 








(8.) 



§ 2. External division of the -w-arrangement by a linear factor. 

I next investigate the condition that ■<pi(g)'s-\-4'i(s) mav ^e an external factor of 

ft&y , +ft.-ife)**' I +.-fcfe). 
Performing the actual divisions, we have in the case of n=l, 



*-*(*;)-*& 



or, as the remainder may be more conveniently written, 



<p 9 —9\+<pi 



+i 



(1.) 



Again, in the case of »=2, 

*-*+*, ($jy«-+*. J;* 

or, transforming the remainder as in the former case, and continuing the division, 






*•+?• 






ft-^-A+ftfi^JJ-^-fl+ftS^}. 



(3.) 
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which also may be transformed as follows : — 

ft -*+«+( ft -2rt)^ +ft {(fi^) , -(^)> • • • (2.) 

A similar process of division will be found, in the case of n=3, to lead to the follow- 
ing remainder : — 

If ¥"„ Tg, . . represent the -^-functions, coefficients of the <ps in this expression, the 
law of their formation will be found to be as follows : — 

1 1 1 5 

•q/ -vie •a/ •qrj' 

And generally we may write 

w — "^p ^Jf *¥* 

And if K„ E 2 , .. represent the remainders in the cases of n=l, n=2, .. respectively, 
we have 

B,=?),-^+^+(f l -2ri)Y I +ftY I , 

whence 

E 3 =E 2 - < + 3ff ,- 3^Y,+?,^ . 

With a view to forming the expression for E M , let the symbol f ) affixed to U { signify 

that in the expression for E n the suffixes of the <ps have all been increased by unity. 
Then, by the principle of division, 

=*-*G)+*A(J) 

= ^o-(E M _-cp«+fe- 1) ^-^ ) e- 2)1 *- 2 +..) , (i) 
+T 1 (E a _ 1 -<p<»>+f<pro Yi _?^^- 2 )Y 2+ ..)Q 

=<Po- (e^-W^) (J) +*2B«-^*» 1 + . . ; 
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and in this expression 

<Po-(k- 1 -^ 1 r»- 1 )Q=r„, 

while the general term of the <p-series, i. e. the coefficient of <p£+T\ will be 

f _ v-i frfo-- 1 ) ••("-''+ l ) ^ _ n{n-\) ..{n-r) _ n(n-l)..{n-r+l) ) 

^ ' ( 1.2..r Tr 1.2. .(r + 1) * r+1 1.2. .r T i Y ^| 

__/ v _, n(»-l)..(n-r + l) f ,, ^^ n-r^. ) 
— \~~) 1.2. .r \ r ~~ l r ~~ r+1 Tr+1 j 

—v) 1.2. .{r+1) T »- +1 ' 

which proves the general case ; so that generally 

the upper or lower sign being taken according as (n-\-l) is even or odd; where R M+ , is 
the remainder after external division <P M+ i(g')7r re+1 +<p re (f)7r re + ••<?<> by ^(fK+'Wg')- 
For the quotients Q„ Q 2 , . . we have immediately 

<i=^x+E.(j)}, 

This completes the solution of the problem of division by a linear factor, both 
internal and external. 

§ 3. To divide X2™<f> n T n internally by SElfy,*". 
The first term in the quotient will obviously be 

-*■ < ao 






and the product of this into the divisor may, by means of Leibnitz's theorem, be written 
thus: 

^25:f-"[N-M, i »]S-: H ^2'-"-'>«» + * s (2.) 

where ■^~ M ~ P) means the result of the operation t n_m-p or %J/ ro alone, and 

TN-M pi- (N-M)(N-M-l)..(N-M-y + l) . 
L ' rj 1.2. .p 

MDCCCLXII. P 
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Then the remainder after subtraction from the dividend may be written thus : 

s:r P :rj<p m+P -^z N -^^ . . . (3.) 

since the coefficient of t n vanishes. With a view to the second term in the dividend, 
the first term of the remainder (3.) is 

{*»_,-£ ^"-" S^^N-M,^]^-^}^- 1 ,. . . . (4.) 

in which the limits of p and m are subject to the further condition ^+m=N— 1. The 
terms under the sign of summation will be evaluated hereafter. Putting the expression 



and, for the sake of symmetry, 



(4)=<V*-s 



(5.) 
(6.) 



the first and second terms in the quotient will be -t- 7i- N ~ M , and T^7r N_M_1 , respectively; 

and, in the same manner as (2.), the product of the second term of the quotient into 
the divisor may be written thus, 



■ ] «pj=N— M~l ^.m—M 



Cm 



T>i= 



^[N-M-l^l^-^-'V"^, . . 



(7.) 



m+p 



m+p, 



(8.) 



and the remainder thus : 

But since, when p 1 =N— M, [N— M— 1,^,]=0, we may, without altering the value of 
(8.), change the superior limit of p, from N— M— 1, to N— M; and by this means we 
may write the remainder (8.) in the following form : 

KZ^' 2 {^ + -^ KT M sro^CN-M^l^^'^+O.CN-M-l,^^-^- 1 ))^-^ (9.), 

Similarly, calling the first term of (9.) 4> 2 w N ~ 2 , the third term in the quotient will be 
_2 ^.n-m-2^ an( j the corresponding remainder 

and so generally the (r+l)th term in the quotient will be t j: « j, ~ m ~'', where 



i(N-M-p-l) 



(10.) 



a» r =^_ r -^2^^ M 2:: M ^:^ 1 ^[N-M- ^ , i >]4'L M - N ^- ^, , 



. . . (11.) 



ME. W. SPOTTISWOODE ON THE CALCULUS OF SYMBOLS. 107 

and the (V+l)th remainder 

2::^r- r - i {^ + ,-^:r- M 2::r2p<i>xN-M- 2 , i )]^ N - M - p - 9, }^ +? . . . (12.) 

The final remainder is the (N— M-J-l)th; and the expression will be derived from (10.) 

by replacing r by N— M. 

It remains to develope the terms under the sign of summation in the expressions for 

the Os. In the first place 4> =ip N simply. In the case of <J> X , the limiting values of f 

and m are 

jp=0, 1, ..N-M, 

m=0, 1, . . M, 

p +m=N— 1. 

These give as the only admissible values 

j)=N-M , N-M— 1, 

m= M— 1, M 
and consequently 

In the case of <I> 2 , the only admissible values are 

_p=N-M , N-M-l, N-M-2, 

m— M— 2, M— 1, M , 
giving 

0,= fa _,- j L{o,(^.,+(N-M^„+ ' N - M », N - M -" +») 

+«,( +„_,+(n-m-i) +yj. 

Before proceeding further, it may be well to illustrate these formulae by an example. 
Taking the case of N=4, M=3, we may determine the quotient and last remainder 
of internal division of 

by 

and thence the conditions that the latter may be an internal factor of the former. 
By the formula? given above, we have 

which will determine the quotient 

p2 
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The last remainder is 



whence for 
we have 



2::j:;{^ +P -^^:;2--;2;::«> g CN-M- 2 , i »]^ 



,(N-M-p-j) l^m+p . 



m+J?=l> *• «• i>=0, m=l, or j?=l, m=0, 



§■=0 §=1 2=2 

^=0, [2,0]=1, [1, 0]=1, [0,0]=1, 

p=l, [2,1]=2, [1,1]=1, [0,1]=0. 
Hence for w=l the above expression gives 

and for m=0 it gives 

Again, for m+p=0, i. e. ^?=0, m=0, we have 

Hence the total remainder is 

^-^Wi+^1+^+2^ 

It may be useful to compare these results with the actual division, in the above 
example. 

4/ 2 7r 2 +V+^)<p4T 4 +<P 3 T 3 +<P 2 'r 2 +<P 1 'r + <P„^7r 3 + ^T+^ 

<py+2<p 4 ^ 3 +<p 4 ^^ 



*; 
^ 



O^*- 2 



+*'l« , + 






% 



+ &£* + 



*8 



*^+{*,-£®.(*:+2#)-£^ 



*, 5 r s +^-*,4/ 1 * 



+£*.& 



which agrees with the result before found. 
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Returning to the <t> functions, and writing for convenience the symbolical expression 

2^: N - M ~ r 2:: M [N-M-r, J) ]^- H -'- r) =S 1 [N-M-r, pW"~ M ~ P ~ r \ 



where the suffix s indicates the number of units whereby the sum_p-f*m * s l ess than N, 
we have 



O = 



<P 



N) 



>M»r 



fl> N . 1 S 1 [N-M, J p]^2'-»-" 

^m<E> 2 = ^f/| I <p N _ 2 -S 2 (4> [N-M, i ^ N - M - rt +0, [N-M-l,y]^T--*-'>) 
= ^-.-^.S^-M,^-"- 10 -4> I S,[N-M-l,^ m N -»-'- , > 
<Pn- 2 S 2 [N-M-l, i? ]^ N - M ^- 1) S.tN-M,^]^-"^ 
<p N _, S.CN-M-l,;?]^-"-'-" S,[N-M,^ m N -»^ 
<p N 

and generally, 

<p N -, S, [N-M-r+l,^]^- 11 ^-^ 1 ' 
**-,+, S r _,[N-M-r+l, i»]^-"-'- r+0 



(13.) 



s [N-M,^]C N - M - p) ; 

S r _ 1 [N-M-l,_p]^- M - p - 1> 



(14.) 






(15.) 



These formula3 give, for the example discussed above, 
^<D 2 = <p 2 *,+# >|/.+2#+ C 

<p 3 vf/ 2 ^+244 

<p< o- ^2 

And for the final remainder, the coefficient of t, 







S [N-M,^L N - M - 



■p) 



^{<p 1 -^o(^:+2^)-^.(^+^)-^^ i }= 



<p2 ^2 4V+44 ^0 + 2^1+ ^2 

<p a ^ 2 ^.4-2^2 

<p 4 x|/ a , 
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and the terms independent of «■= 



<Po ^0 ^0 

<P 2 ^2 ^i+^a 

<p 3 o ^ 

<p 4 

both of which may be comprised under the single formula 

* <Po ^o $> ty 

<P 2 ^2 ^1 + 44 ^,+2^,+ $) 

o <p 3 o ^ 2 *.+2# 

<p 4 ^ 

§ 4. To divide 2^<p„T" externally by 2™^f \J/ m ^ K 
The first term in the quotient will be 



^0 

^2> 



— W 



the product of this into the divisor 

/ (* \ (m—v) 

and the remainder 

the first term of which is 



(m-p) 



ffU-M+p , 






(1.) 

(2.) 
(3.) 

(4.) 



Let <p N =<J> , and let the coefficient of w N-1 above written =Oi ; then the next term in 

the quotient will be -.— w N-M_I , and the product of this into the divisor will take the 

same form as (2.), writing only <E>, for O , or <p N . The remainder will be the same as 
(8.), with the addition of the term 

-siirisp^^d)^- 11 ^ (5.) 

and the first term of the entire remainder will be 

(,„-0.[t,M-2](^- w + M-i](i)HK-' 

^-.-+»-^)-(M-l>K.^)'-»MiO" I . (6.) 
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and if we make this expression =0 2 cr N-2 , the next remainder will be 

s : .V.--^.-^ : ;[», J) ]{(|) < --'V + (£) < --' > , + (|») l --' > p-.-., (7., 

the first term of which is 

r /<£> \ m-il+3 /<J) \ m-M+2 /(5 \m-M+1-,-) 

^-3-2::r^[[m, M-3](g) +[m, M-2](^) +[m, M-l](g) ]p- 
L ! ^o\ rM ox . (%\ (M-l)(M-2) /«J> \« M(M-)(M-2) /OE> V" 



MS)- ^Miy- M £^(£y 



K8.) 



^-(rf) 



M ^(lf) k*-- 



— M+/>— g 



and generally the (r+l)th term in the quotient will be 

i IF , 

and the (r+l)th remainder 

The formation of the <£>s is as follows : — 

/<b \(i»-m+i) 

o^^.-s::^ [m,M-i](g ) 

f /Cb \ (m-M + l) /<f> \ (m-M+2) -| 

<l> 2 =^-2l: M ^{[m,M-l](£ ) +[m,M-2](g ) J, 

f /* \(m-M+I) /<T> \ (m-M+2) 

*.=».-- 2;:^.{[m, M-l](g ) +[m,M-2](g ) 



+["> M - 3 Xft) 



<J) \ (m-M+3)-| 



i' 



The final remainder is given by the formula 

and the general term of this w N ~' is to be found as follows : 

N— M+p— g-=N— s, 

2>—q=~M.—s. 



<J> \ (m-M+2) 



M+p~g , 



i. e 



(9-) 



(10.) 



. (11.) 
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Then we have for 
P=M, q=s, 

/ <b \(m-M) 

s:: M ^ m [m,M ]( g ) =<*> s ; 

p=M— 1, ^=s— 1, 

j)=M— 2, £=s—2, 

v «=m. r w „-,/ *»- 2 y— ■+» m^m-i) , /o> s _ 2 y .. /*.-.y,. /*«-A. f ( 12 

p=l, #=s— M+l, 

_p=0, #=s— M, 

2 m=0 M m,0 ][-^ r ) =^{-^) +*~-\-W) +--H^m) : 

the sum of all which will be found, on reference to the expressions for the formation 
of the Os, to be equal to the first term of <E> S , viz. <p N _ s ; and consequently the coeffi- 
cient of or N ~* vanishes for all values of s not exceeding the greatest value of q, viz. N— M. 
If, however, s is greater than N— M, by any number t, so that s=N— M+£, then the 

pairs of values 

p=M, q=s, 

j)=M— 1, q=s— 1, 

2=M—t+l, q=s-t+l 
are inadmissible, and the pairs 

_p=M— t, q=.$—t, 

p=M.—t—l, q=s—t—l, 

j?=0, q=s— M 

alone remain; and consequently the coefficients of the powers of w, for s>N — M, do 

not vanish, and the remainder consists of a series of terms, the index of the highest 

power of <k being 

N-M+ i >-2=N-s=N-N+M-l=M-l, 

as it should be. 

As an example, we may calculate by means of the formulae given above, the final 
remainder in the external division of 

<PteY+ H§y+ v>{§y+ fc(e>r+ <p»{§) 
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by 
viz. 



Msy+Ugy+u§)*+Mg), 



_K v"»=2 -yp=m -^2=2, 
»™ An=0 ^=0 ■"j=o' 



The conditions 



(<j) \ (m-p) 



.m+p-j 



^=2, 2=0 give <I> 5r 4 

p=2, 2=1 - 

p=% 2=2 - 

j»=l, 2=0- 









^r 



5T 



_p=l, 2=1 — 
j>=1, 2=2 - 
^=0, 2=0- 
^=0, 2=1 - 

p=0, 2=2 - 

Hence taking the sum of all the terms, the coefficients of t 4 , t 3 , w 2 vanish, and the 
final remainder is 

{,- 2+ ,(|)- + ,(|)- + ,(|)"_,,(|)'_ + .(J)}. + ,- + ,(|)'- + ,(|)'_ + .(|). 

These results may be compared with the actual division, 
^+2^|)W^)V 

MDCCCLXII. O 
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^4-M!)"-*(t)'-*.(t)] 



+2+,(|)V++,(|) 



which agrees with the results found above. 

§ 5. To divide X2" §"$„(*■) internally by S^lf^O). 

The first term of the quotient will be 

n-m M*-M) 

* ta(*-M)' 



and the product of this into the divisor, 

The first term of the remainder will then be 



^mW 






0h(*— 1) ^ M (*— 1), 

and consequently the second term in the quotient will be 



f--{fc-(«-M)- j^M^) ^'-M- 1 )}^ 



M) 



= f 



The first term of the second remainder will then be 



<p M _,(«— M) ^ M _,(*-M) 
«p N (*_M-l) ^ m (t-M-1) 



f ^N-^*;-^ (r _ 1)4fM(ir _ 2) 



-N-2 



^M* — 1)^m(t— 2) 



<P N -iOr— 1) ^m-i^— 1) 
<p K («— 2) ^ (*-2) 

<p N _ 2 (*r) ^h_,(») 

<p N _,(*— 1) ^ M (^-l) ^h-i(*~1) 
<P n (t-2) v|/ M (*— 2) 



}1 



(l.j 



(2.) 



(3.) 



(4.) 



(5.) 
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And it is not difficult to see that the first term of the rth remainder will be 



s ^m(t — 1)^m(w — 2).. ■iiM^—r) 



<P N _ r+1 (T— 1) l|/ H (tt—1).. 



(6.) 



<p N (V-r) .. ^Jjr-r), 

in which determinant every column after the first consists of only two terms, viz. 
^m-i(""—*) and ^ M (7r— s— 1). Hence also the (r-f-l)th term of the quotient will be 

<p N ._ r (x-M) >[*-,(*■) •• 

<P N _ r+1 (7T-M-l)^ M (x-l).. ^ 



^m(»— M)4» m (* — M — 1)..4»m(«— M-p r) 



<Pn(tt— r) . . if/ M (7r-y). 

As to the other terms, than the first, of the various remainders. In the first 
remainder, the first term of which is given by (3.), the (s+l)th term will be found by 
making »=N— s, m=M— s, in the expression 



which gives 






=f 



^M («• — ») 






Hence the entire first remainder may be expressed thus : 

<P n _ s (t) ^k_(*) 



s=0 **(*-•) 



(8.) 



<P n (t— s) $ M (nr—s). 
Similarly, the general expression for the second remainder is 



- i n=0 f SPM.'v — An=o ? , 



^ ot (t) 



ifoi(w— M + m)*|/ M (» — M + m — 1) 

which may be transformed thus : 

»=N— s, m=M— s, 



<p K _,(T— M+«») ^..(sr— M+m) 
<P n (t— M+w— 1) %|/ M (*-— M+m— 1), 



4>u{^—s)^m{^—s— 1) 
" 0§ *h(*-*)*m(*-«-1) 



<Pn-i(*"— «) ^M-i^— S) 

<p N (ir— s— 1) ^/ M (r—s— 1) 
ftr_._,(«r ) ^_.(t ) 

p N _, (t— s ) $ x (sr— *) ^M-^sr— s ) 
<p s (V—s— 1) \f/ M («r— s— 1). 

Q2 



(»■) 
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And generally the expression for the tth remainder may be written 



= M „N-s-*+l 






tytti*— s)^m(t— s— 1) ..4'm(' 1 '— s— < + l) 






(10.) 



<Pn(t-*-M-1) o 
The last remainder is the (N — M -f 1 )th. Then 

tf=N-M+l, 
N-*-*+l=N-*-N+M-l+l= M-s 
N-£+l=N -N+M-l+l = M 
M-H-1=M -N+M-1+1=2M-N, 
and the remainder in question 

-*£ = » C 



• • Wv — 8 — t+l). 



4»m(t— s)vf/ M (T— s-1)..4/ m (t— s— N + M) • • 
<Pm(t— *) ^m(t— «) • • ^2M-n(t— s) 



(11.) 



(p N ( x -s-N+M) .. ^(x-s-N+M), 

in which the coefficient of g> M vanishes, as it should. The last term, viz. that independent 

Off, 

= *«(i-N%,(f-M-p^NJ ( 12 -) 

<P (tt) 4/ (tt) .. 

<P m (tt-M) v|/ M (,r-M) . . . ^m-n(t-M) 

<P n (tt-N) .. ^ M (a—N); 

and if N=l, the result agrees with that given by Mr. Russell*. 

§ 6. To divide iCJW-Or) externally by XZff^dj)- 
The first term of the quotient will be 

._N-M faW q v 



* * M (*+N-M)- • • 
The first remainder 

*»=of </>„(*-) -2 m= „ f ^ M ( W + N-M) ^"V 

_ v s=m N _J _, , x ^m- s (t + N— M) , . ") 
= 2, =0 f '|<p w -fr)- j M(ir + N .M) *"(»•))' 

* Philosophical Transactions, toI. cli. p. 72. 



(2.) 
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n-i/„» / \ ^n-i(«r + N-M) , ,1 



i(w + N— M) 

whence the second term of the quotient will be 

„n-m-i I L ( r \ »m-.(«+N-M) , 

f ^(sr+N-M-lJ^N-'W"" 4/ m (t+N-M) ^W 

1 



_ N-M-1_ , ._._ _____ 

—s <» M (w+N-M-l)4» M (« + N-M) 



Similarly, the second remainder will be 



<Pn_i(t) ^ M_1 5T + N — M) 

<Pn Or) >J/ M (x+N-M). 



(3.) 






m=M N-M+m-l 



_,„,(« + N-M-1) 



vJ, m (t+N-M-1)^m(t+N-M) 



<PnO) ^m (tt+N-M) 

v *=M N _ s _i(, / x 4> M -,(ir + N — M — 1) (I 

= 2 8=of I (<p N -,- 1 W-^^- N ^ M _ 1)vJ/M(7r+N:ZM5 «»„_,(«■) ^..(t+N-M) J 

<PnW 4/ m (t+N-M) I 
<Pn-.-,(t) ^-.(t+N-M-I) 

<Pn-, W *h (tt+N-M-I^m.^+N-M) 

<P N («■) 4/ H (tt+N-M) 

1 



K4.) 



■v s=w *rt N -*- 1 



.-of 



4_u.(w + N — M — l)_/ M (ir + N — M) 



The tth remainder 
X 



4'm(t + N-M-< + 1)4/ m (tt + N-M-^ + 2)..iJ/m(t+N-M) 
<p N _ s _. + _0) vf/ M _ 8 (^+N-M-#+l) . . 

*«-«_,(*•) *m(t+N-M-H-1) .. <k_ (+1 (T+N-M) 



<PnW . ^t+N-M); 

and the last remainder, viz. the (N — M+l)th, 



> • 



• (5.) 



V S=M: „M 



,s=0 ^ kWiM(f+l) ..__«._«■+ N-M) 



(6.) 



X 



<Pm- s (t) .%-.(*■) • • ° 

<Pjc(«*) ^mW •• ^2M-n(^+N— M) 



<p N (») .. ^(t+N-M). 

In the case considered by Mr. Russell, viz. M=l, (6.) gives only the single term 



{^(*)4/ i (*+1)...^(t+N-1)}- 1 



«P,(t) vf/„0r) .. 

<p,(r) ^(t) .. 

<?«!,(«■) 6 .'. ^t+N-1) 
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and in this the coefficient of <&(•*■) is (— )'X 

M*) o .. o o 

M*) *„(«•+ 1) ..o o 

4( T +«_l) 

o o o ^.(t+O 




















ih(<r+N— 2) vf/o^+N-l) 

.. ^.(sr+N-l) 

=^0r>k0r+l) . . 4, (»+»_1>J, 1 (t+,-) . . ^ 1 (t+N-2H 1 (t+N-1) ; 
whence the whole expression 

-A=oi-;<PiW < , iW4 , ](w+1) .. 4 , i ^ +i _ 1) ' 

which agrees with the result given in the Philosophical Transactions, vol. cli. p. 73. 
In the particular case of N=4, M=2, the final remainder in internal division is 



fy a (*-l)* s (ir-2)ik(ir-3) 



ik(*-2)iJ» a (w-3)iM*-4) 



*,(*•) *.(*) o 

<p,(<r-l) ^«-l) W-r-1) W*-l) 

<p,(«— 2) ik(*—2) ^(t-2) 

<P 4 (t-3) 4»,(t- 3) 

<p (*r) 4/ («r) 

<p 2 (T-2) 4/,(t-2) </,(«— 2) >J/ (t-2) 

<p 3 (*-3) *,(t-3) *,(t-3) 

<P,(t-*4) xf/^-4); 



and in external division it is 



^M^T+lWa^ + S) 



+ 



+«(*)*«(*+ !)*«(*+ 2) 



<?,(*-) ^,(V) 

<P.(*0 ^,(t) ^,(t+1) 4(t+2) 

<p 3 (,r) ^ 2 (V+1) ^(>r+2) 

<P.(t) 4(*"+2) 

<p o (V) ^ (a-). 

<p 3 (v) ^+1) ^(*+l) 

<P 4 (V) ^ 2 (x). 



ME. W. SPOTTISWOODE ON THE CALCULUS OP SYMBOLS. 119 

The expressions (10.) for the formation of the <3>s admit of further development thus : 

*=ft-.-M*.(£)'-*u.(£) 

*.=*»-.-«^^(£)"-(M-i^,(g)-^,(£) 

+ M^(te)"+Mfc_,(£ )'+M*.(fe)'(£)-Mfc(^)' 

+M*_,(e )•+*„_, (^)(g)_ fc .,(^) 

=^M£ )"+(M+D*»-,(£ )'+{-*»+"*-(fe ! )'+*«-(^ , )}(£) 

or writing, by analogy to the <I>s, 
the expression for <1> 2 becomes 

*.= ( ^-^(£ )"+<"+ w(£)V* (£) 

-Mfc(^)- *.(^) 

+ M1?> 

And so likewise writing 

^=^.-ffl^+«(? H )"-(M-l) fe -,(£)'-fe-,(|i) 

-M+,(S)' - +«-,(£), 

it will be found that 

- ^my- (M-i^-.(i)'- m) 
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(M + 2)(M + 1)M 



1.2.3 



l MZ T- lM± ^*>(t )"-(M+2J*.(£ )'-*.(£) 






+ 



^(fe 3 )- 



But the law of the expressions in the first form having been established above, it is 
unnecessary to pursue these latter formulae further. 



